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Abstract. This paper considers the generalized airfoil equation (GAE) with weakly singular
kernel, which has a particular Hadamard finite-part and a Cauchy principal value integrals.
Through the use of Sigmoidal transformations and a collocation method we derive sufficiently
good approximations to the solution of this equation. Convergence analysis for this method is
investigated and the a priori error estimation is computed. The paper contains also illustrative
numerical examples.
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1. Introduction

To invoke the generalized airfoil equation (GAE) when x ∈ Γ we introduce the class of
operators

Sx  fx, (1)

where

Sx  axx  b1x
 C1x 

b2x
 C2x  

Γ
k0x, ttdt,

fx, b1, b2, a and k0 are given Hölder continuous functions and the unknown function x ∈
L1Γ, is analytic in D, expect possibly for a finite number of points at which  has poles of
order one. Here, we may assume that Γ is an arc in the complex plane R2 or R , and let A and
B denote the endpoints of Γ. It is also assumed that neither A nor B belongs to Γ. D is a
domain containing Γ such that A and B are boundary points of D. Furthermore, C1  denotes a
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Cauchy principal value integral operator, and if Γ  0,1 then this operator is denoted as
follows:

C1x  lim
0


0

x−
 

x

1

tdt
t − x . (2)

The limit exists when  is Hölder continuous on Γ  0,1. Finally, C2 is the Hadamard
finite-part integral, which is obtained by the recursive definition:

Cn1x  1
n!

dn

dxn C1x, (3)

for n ∈ N, 0  x  1. C2 also exists if x is Hölder continuous on Γ. The above formula
is the well-known Hadamard finite-part integral. The kernel k0z, t has the form
k0x, t  kx − tax, t.

These kernel functions have an infinite singularity, and the most important examples are
log|x − t|, |x − t|−1 for some   0 and variants of them. Eq. (1) occurs in wide variety of
mathematical physics and engineering problems (see [1], [3], [4], [7], [14], [19]). In the vast
literature we meet special cases of (1) (see [ 10], [15], [20], [24], [25]). The novelty of this
paper is related to the implementation of Sigmoidal transformations (see [11], [12]) with the
collocation method ( [24], [25]) for the GAE. The outline of this paper is as follows. In
Section 2, we give a smoothness space solution for (1). In Section 3, we investigate a new
version of finding approximations for C1  and C2 . Based on the collocation idea and
Sigmoidal transformations we introduce in Section 4 a class of numerical solutions for (1), (we
call them Sigmoidal collocations). Convergence analysis of Sigmoidal collocations is given
also in this section. Section 5 is devoted to illustrative numerical examples. Finally, concluding
remarks are provided in section 6.

2. Properties of Solution Space and Regularity

Consider Eq. (1) where

ax,y ∈ Cm0Γ  Γ, k ∈ Cm0−1Γ, m0 ≥ 1. (4)

Differentiation of a weakly singular kernel increases the order of the singularity, e.g.
Dx
|x − y|−v v  0 behaves as |x − y|−v−||. This observation motivates the following

smoothness assumption about the kernel. The kernel k0x,y  kx − yax,y is m0 times
m0 ≥ 1 continuously differentiable on Γ  Γ\x  y and there exists a real v ∈ −,d ( d
is a real number) so that the estimate

|Dx
Dxy

 kx − y|≤ c
1, v  || 0
1  |log|x − y||, v  || 0
|x − y|−v−||, v  || 0

(5)

with c as a constant, x,y ∈ Γ, is valid for ||||≤ m0. Here Dx  ∂
∂x , Dxy  ∂

∂x  ∂
∂y and
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Dxy
   ∂∂x  ∂

∂y 
). Putting || || 0, provides for a weak singularity (v  d) in kx − y. In

case v  0, the kernel is bounded but its derivatives may be singular. As a solution space let us
introduce the following Sobolev space

E
,Γ   ∈ CΓ ∩ Cm0Γ|∑

≤m0 x∈Γ
sup |Dx

x|
|x|−|−x|−

  ,

equipped with the norm

‖‖E
,Γ 

x∈Γ
max |x| ∑

≤m0 x∈Γ
sup |Dx

x|
|x|−|−x|−

where  is a constant and it belongs in Γ  0,1. Throughout this paper we shall consider
  1. Now we may define the following function space:
(i) x is Hölder continuous on every closed subinterval of Γ  0,1,
(ii) near x  0, we have |x|≤ C1x−1 , such that 0 ≤ 1  1

p1 and p1 ∈ N,
(iii) near x  1, we have |x|≤ C21 − x−2 , such that 0 ≤ 2  1

p2 and p2 ∈ N,
(iv) near x  0, we have |2x|≤ C3x−3 , such that 0 ≤ 3  1

p3 and p3 ∈ N,
(v) near x  1, we have |2x|≤ C41 − x−4 , such that 0 ≤ 4  1

p4 and p4 ∈ N,
where C  maxCii1

4 is some constant. We denote this space on Γ  0,1 by
Hp1,p2,p3,p4 ⊆ H

qΓ (see Remark 2.1). Hence the space of solutions, , to (1) is:
E
,Γp1,p2,p3,p4  E

,ΓHp1,p2,p3,p4,
which is a Banach functional space endowed with the norm ‖.‖E

,Γ .

Remark 2.1. Let L
2Γ be the Hilbert space of all periodic and square integrable functions on

Γ, with respect to the weight x, endowed with scalar product
u,v  

Γ
uxvxxdΓ,

and the norm ‖u‖ u,u
1
2 . Let H

qΓ be the set of all functions  that are k-times
differentiable with k ∈ L

2Γ ( when q ≥ 0 is not an integer, we have q  k  0 ,
0  0  1 and if q ≥ 0 is an integer q  k. Therefore, H

qΓ is the set of all functions
 ∈ H

k Γ). We can prove that H
qΓ follows from a type of Hölder condition with exponent

0 for k ( see [8]). Also, if q  p ≥ 0 then we have the following identity and compact
operator:
I : H

qΓ → H
pΓ,

that is I  .

Moreover, the smoothness of the solution to (1) is demonstrated by the following
proposition.

Proposition 2.1. Let conditions (4) and (5) be satisfied and let fx ∈ E
,Γp1,p2,p3,p4. If

Eq.(1) has an integrable solution , then  ∈ E
,Γp1,p2,p3,p4 when |a|, |b1|, |b2|≤ 1.

Proof. We have to prove that any solution  ∈ LΓ of Eq. (1) on a small open subset  ⊆ Γ
so that aI − A  , defined by
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aI − A  S  axx  b1x
 C1x 

b2x
 C2x  


k0x, ttdt  f is

invertible in both spaces L and E
p1,p2,p3,p4. If the operator A maps

E
,p1,p2,p3,p4 into E

,p1,p2,p3,p4 for  then

‖A‖LΓ ≤ C0‖‖LΓ. (6)

Clearly therefore aI − A  is invertible in LΓ (see [8]). We need next to prove the
invertibility in E

,p1,p2,p3,p4. Let us introduce with E
,p1,p2,p3,p4 a provisional new

norm
‖‖E

,
′  4‖‖L  ‖‖E

,

which is equivalent to the old one:
‖‖E

, ≤ ‖‖E
,

′ ≤ 4‖‖E
, .

Using (6) we find that
‖A‖′  4‖A‖L  ‖A‖E

, ≤

≤ 4C0‖‖E
, 

x∈
max |A|∑

≤m0 x∈Γ
sup |DAx|

|x|−|−x|−
≤

≤ 4C0  2
  1‖‖L ∑

≤m0 x∈Γ
sup |Dx|

|x|−|−x|−
≤

≤ c1‖‖E
,

′ ,

where C0 and c1 are constants. A consequence of this is that aI − A  is invertible in
L and E

,. If 0 ∈ L is a solution to Eq. (1), we have to prove that 0 ∈ E
,Γ. Note

that the restriction of 0 to  implies satisfaction of

Sx  fx, x ∈ , (7)

where fx  fx − SΓ∖x, and x ∈ . An important relevant observation here is that
fx ∈ E

,. On the other hand, we see that SΓ∖x belongs in E
,Γ and

‖f‖E
, ≤ ‖f‖E

,Γ  c‖f0‖L,

where c  constant. Thus Eq. (7) is uniquely solvable in E
,Γ. It is clear then that Eq. (7) is

uniquely solvable in LΓ. Since the solution to Eq.(7) is the restriction to  of the solution of
(1) and E

, ⊂ L, then we conclude that  ∈ E
,Γ. 

3. The New Version of Euler-Maclaurin Summation Formula for
Solving Ci[ ],i 1,2

Our goal in this section is to provide the best approximations to C2x and C1x for
 ∈ E

,Γp1,p2,p3,p4 . Hence, we start with the following modified proposition.
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Proposition 3.1. Let  ∈ E

,Γp1,p2,p3,p4 and p  maxi1
4 pi (such that pi ∈ N, i  1,2,3,4)

then for

x,c 
ccotx − c x − c ∉ Z
0 x − c ∈ Z

(8)

and tv  v1
2 , tv − mc ∉ Z we have:

C1x  Q1,1
m,vx −∑

q1

p−1
Bqtv
q!mq  dq−1

dyq−1 
y
y − x y1 − dq−1

dyq−1 
y
y − x y0

− 1
mp 

0

1 dp

dyp 
y
y − x − y,x Bptv − Bptv − my

p! dy (9)

and
C2x  d

dx C1x.
Here Bp denotes the corresponding Bernoulli function having a period (coinciding with Bp on
0,1). Also, if tv  v  1/2 for −1  v  1 and tv − mx not an integer, then we have

Q1,1
m,vx  1

m ∑
j0

m−1 jtv/m
jtv/m−x

− xcottv − mx.

If we put v  1, we have

Q1,1
m,1x  1

m−1 ∑̈ j0
m−1 j/m

j/m−x − xcotmx,

where ∑̈ denotes the sum where the first and last terms are halved such that the following
distinct points in 0,1 are considered:

vi   1
2 

i
m r0 ,

vim  1 − vm−i,
i  0,1, . . . ,m n  2m.

Also, r0 is a constant and r0  1.

Proof. As in [9], [10], [13] and [22] we may develop this proof. Consider a uniform partition
xi  a  ih, i  0,1, . . . ,m − 1 and xm−1  b of a,b, and recall the Euler-Maclaurin
Summation:

Q1,1
m,v  I ∑

q1

p−1
Bqa  tv

q!
q−1b − q−1a

mq b − a 

 b − a
mp 

a

b
mx Bpa  tv − Bptv − mx  a

m! dx, (10)
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where I  
a

b
xdx, Bsx is the Bernoulli polynomial of degree s and Q1,1

m,v is given by:

Q1,1
m,v  1

m ∑
j0

m−1

a  j  tv/m, (11)

with tv  v−1
−2 a  v1

2 b, −1  v  1. On another note, it is clear that if  satisfies the
properties: q−10  q−11  0 for q  1, . . . ,p − 1, then
C1x  Q1,1

m,vx  O 1
mp .

If x is close to an abscissa jtv
m , a minor perturbation in x can give a major perturbation to

a corresponding term in the sum. However, the perturbation is precisely balanced by that in the
term xcottv − mx so that Q1,1

m,vx suffers only a minor perturbation.The same proof
is also, this proof is true for C2x. Hence the proof follows for integral equation (1) from
Proposition 2.1. 

In order to have an integral with vanishing derivatives at the end points we introduce the
idea of a Sigmoidal transformation. This idea has been investigated by many authors, see for
example [11], [12], [21], [22] and [23].

Definition 3.1. A Sigmoidal transformation r of order r ≥ 1 is a real valued function with the
following properties:
(i) r ∈ C10,1 ∩ C0,1 with r0  0,
(ii) r is strictly increasing on 0,1 ,
(iii) rx  r1 − x  1 for all x ∈ 0,1,
(iv) r

1 is strictly increasing on 0,1/2 with r
10  0 ,

(v) r
jx  Oxr−j near x  0, for all j ∈ N  0.

Remark 3.1. For r  1, the graph of r is S-shaped, hence the adjective "Sigmoidal" to
describe the transformation r. A particular example of such a transformation is given by
rx  xr

xr1−xr ,

such that x ∈ 0,1, and r  0.

It can be is easily verified that conditions (i)-(iv) of Definition 3.1 are satisfied by r. For
this transformation we have r1/r  x so as r

−1  1/r. For a brief discussion on other
Sigmoidal transformations, we refer to [5], [6], [16], [17], [18], [22]. This is the starting point
for this paper towards finding the best approximations to C1x and C2x. To this end
we formulate the following new proposition.

Proposition 3.2. Let  ∈ E
,Γp1,p2,p3,p4, where pi, i  1,2,3,4 is defined as follows:

i) pi  n if Bntv ≠ 0
ii) pi  n  1 if Bntv  0,
and we assume that near x  0 and x  1 we respectively have x  c0xn0 and
x  c11 − xn1 , where n0, n1 are non-negative integers, c0 , c1 are non-zero and r be a
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Sigmoidal of order r, (where 2 ≤ r ∈ N ), n  minr1  n0, r1  n1. If c  rs,
0  s  1 and m ∈ N, then
C1x  Q1,r

m,vx  O1/mp0, (12)
and
C2x  Q2,r

m,vx  O1/mp1, (13)
where, provided that tv − ms is not an integer,

Q1,r
m,vx  1

m ∑
j0

m−1
rjtv/mr

1jtv/m
rjtv/m−x

− xcottv − ms.

Also, p0  p if r ∈ Z and otherwise p0  minr1  n0, r1  n1, to write

Q2,r
m,vx  1

m ∑
j0

m−1
rjtv/mr

1jtv/m
rjtv/m−x

2  x
mr

1s

r
3s

6r
1s

− 1
4 

r
2s
r
1s

2 − m22

3  


1xr

1s
2mr

1s


2xr
1s

2m .

If 0  r ∈ Z then p1  p and for 0  r ∉ Z we have p1  minr1  n0, r1  n1.

Proof. Returning back to Proposition 3.1, Definition 3.1, and expanding [10 ], are essential
ingredients of this proof. The order of the Sigmoidal transformation is r and it can be an
integer or not. If we put x  r in (2), we may rewrite it as follows:

C1x  lim
0


0

x−
 

x

1

rr

1d
r − x . (14)

Letting x  rs where s ∈ 0,1, allows rewriting (14) as

C1x  lim
0


0

x−
 

x

1


hr, s
 − s ds, (15)

where

hr, s 
rr

1
r−rs

 ≠ s

rs  s   s.
(16)

We find, after some algebra, following the works [20] and [22], the terms of C1x. It is
well known, on one hand, that for some Sigmoidal transformations, all derivatives will be zero
and we shall then have an exponential rate of convergence. On the other hand, the truncation
error is given by the Euler-Maclaurin expansion which assumes a knowledge of the integrand
and its derivatives at the end points 0 and 1. As we have observed, a suitably chosen Sigmoidal
transformation of the variable of integration, would, in general, allow for the vanishing of an
arbitrary number of these derivatives at the endpoints. Thus the convergence rate of the
quadrature consequently improves. Also, following [10 ] and the combination theorems of [22]
makes this approach analogous to the proof for (12). This is achieved by differentiating
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C1x partially with respect to x, thereby completing the proof for this proposition for
computing C2x. 

In the next section, we shall to utilize the above idea for solving Eq. (1) in a framework
that is based on a collocation method.

4. Sigmoidal Collocation and Convergence Analysis

4.1. Convergence analysis

A natural and well -studied approach to the approximate solution  of (1) is based on
n ∈ n ⊆ E

,Γp1,p2,p3,p4. More specifically, consider a sequence of elements ni which is
closed in the normed linear spaced E

,Γp1,p2,p3,p4 and let n denotes the span of
n1, . . . ,nn. We now look for an approximation n ∈ n of the form

nx ∑
i1

n

 inix, (17)

where the coefficients  i are unknown. Also, let nx  nx be a trigonometric polynomial
of degree n defined as a linear combination of the following functions that are elements of
Æ  1,cosx, sinx, cos2x, cosx sinx, sin2x, . . . , cosnx, cosn−1x sinx, . . . , sinnx

or, equivalently, a linear combination of the functions in the set
Œ  1,cosx, sinx, cos2x, sin2x, . . . , cosnx, sinnx.

Moreover, we can write:
rn  Sn − fx, (18)

with the pertaining inequality,
‖n − ‖E

, ≤ ‖S−1‖E
, ‖rn‖E

, .
The above inequality requires information about properties of S−1 (a bounded inverse if S,
which is difficult to observe). Alternatively, we prove the convergence analysis for this method
via the proposition that follows.

Proposition 4.1. Assumption in (1) that ax, b1x, b1x, fx ∈ E
,Γp1,p2,p3,p4,

kx,y ∈ L
2 and p  q  1

2 , leads to

|Ci − Qi,r
m,v|≤ |Ci − Qm,v|≤

2 2q ‖‖
E

q,Γ

mq , m ≥ 1, i  1,2,
and

n→
lim ‖rn‖E

r,Γ  0,

that is n converges to . Also, if n is a trigonometric interpolation polynomial, then the
following inequality
‖ − n‖E

r,Γ ≤ C
nq−r ‖‖E

q,Γ , (19)
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for 0 ≤ r ≤ q and n  1, holds. Here  denotes the Zeta function and C is constant.

Proof. Consider Proposition 2.1 to conclude that  ∈ H
qΓ. Also, if we put S  f , then we

can write the following inequality:

‖rn‖E
r,Γ  ‖S − Sn‖E

r,Γ ≤ ‖ax‖E
r,Γ

C
nq−r ‖‖E

q,Γ 
‖b1x‖E

r,Γ

 
2 2q

mq  O 1
mp0  


‖b2x‖E

r,Γ

 
2 2q

mq  O 1
mp1

  ‖k0x,y‖E
q,Γ

C
nq−r ‖‖E

q,Γ ≤ On−k,

where C is constant. Clearly as n → , ‖rn‖→ 0. Moreover, applying the Cauchy -
Schwartz inequality to the Fourier series together with (3.5), (3.6) (by using [8], [9]), ends up
with the above inequalities. Therefore, we can show that the a priori error estimation is of
order On−k, such that k  maxq − r,p0,p1,q. This is the optimal rate of convergence of
this method for solving this equation. 

4.2. Sigmoidal collocation

In a Sigmoidal collocation method for (1) we write the following equation:
nax  1

 nb1xC1   1
 nb2xC2   n n  nf (20)

where   
Γ

k0x, ttdt and n is a bounded projection operator. We can moreover
consider the following bound:
‖n‖ ≤ ‖nax  1

 nb1xC1   1
 nb2xC2   n −1‖ ‖n‖ ‖f‖. (21)

The collocation method (see [2], [3], [13]) and the relations mentioned above lead to the
system:
An  b, (22)

where An  aij, b  fxi are known and   j is the unknown vector. Observe that
∀i, j ∈ 1,2, . . . ,n,

aij  Snjxi  axinjxi 
b1xi
 Q1,r

m,vnjxi  O 1
mp0  

 b2xi
 Q2,r

m,vnjxi  O 1
mp1

  
0

1 k0xi, tnjtdt.

In the next section we use the system (22) and investigate the bound of
CondAn  ‖An‖ ‖An

−1‖. Let us focus here on measuring the size of ‖An
−1‖. It is usually

straightforward to find a bound for ‖An‖, and it seldom becomes large. The solution  of the
linear system is related to n at the node points by

nxj ∑
i1

n

 inixj, j  1, . . . ,n.

In matrix form, we have
Γn  n, (23)

where n  nix1, . . . ,nixn and Γn  nixji,j1
n such that detΓn ≠ 0. Then from (21)

and (23) we have:
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‖  An
−1b‖ ≤ ‖Γn

−1‖ ‖nax  1
 nb1xC1   1

 nb2xC2 

 n −1‖ ‖n‖ ‖b‖. (24)
Also
‖An

−1‖≤ ‖Γn
−1‖ ‖nax  1

 nb1xC1   1
 nb2xC2 

 n −1‖ ‖n‖. (25)
The term ‖nax  1

 nb1xC1   1
 nb2xC2   n −1‖ is approximately

‖ax  1
 b1xC1   1

 b2xC2    −1‖ for large n, and we do not consider it
any further. The terms ‖Γn

−1‖ and ‖n‖ are both important, and must be examined for each
collocation method.

Therefore, the previous results for the Sigmoidal collocation method carry across to linear
systems viz
i-For piecewise linear interpolation, we can conclude that ‖n‖ 1, ‖Γn‖≤ 1 and ‖An‖≤ On
therefore,
CondAn  On ‖nax  1

 nb1xC1   1
 nb2xC2   n −1‖.

ii-For trigonometric interpolation, we can conclude that ‖n‖ Ologn, ‖Γn‖≤ 1 and
‖An‖ On therefore,
CondAn  On logn ‖nax  1

 nb1xC1   1
 nb2xC2   n −1‖.

With other forms of piecewise polynomial interpolation of higher degree, the results will be
much the same. However, if we choose monomials as our basis the then Γn is a Vandermonde
matrix and the matrix An is likely to be ill-conditioned.

5. Numerical Examples

Here we report on three numerical examples for testing the convergence rates of this
method. For the sake of simplicity, we consider in Eq.(1), Γ  0,1. An AMD Opteron
computer, with 15 Gigabytes RAM memory with 2.2 GHz CPU, has been used for these
experiments. We have used Æ and Œ in examples 5.2 and 5.3, respectively. Solution of (22) is
made with CG and PCG algorithms. In all these examples, the zero vector is used for an initial
guess. The stopping criterion is ‖rk‖/‖r0‖ 10−7, where rk is the residual vector of CG and
PCG methods after k iterations. Moreover, we apply base functions over nonuniform spatial
knots. The distinct points in 0,1 are introduced as follows:

xi   1
2 

i
m r0 ,

xim  1 − xm−i,
i  0,1, . . . ,m

(26)

where n  2m and r0  1. The figures to follow contain graphs of the logarithms of the
error ‖ − n‖ as r increases.
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Example 5.1. We assume that ax  b1x  b2x  1 and k0x, t  1

x−t
1
2

. If r0  3,

x  sinx to yield fx. Using B-spline of order one as base functions in (17) over
nonuniform spatial knots for n, r we obtain the results exhibited in Tables 5.1 and 5.2.

Table 5.1. Results for Example 5.1 for r0  3, without preconditioner

n r ‖ − n‖ r ‖ − n‖ r ‖ − n‖ r ‖ − n‖

16 3 0.134e − 2 5 0.966e − 3 7 0.034e − 2 9 0.856e − 2
26 3 0.115e-2 5 0.153e-3 7 0.725e-4 9 0.113e-4
30 3 0.543e-5 5 0.838e-7 7 0.541e-8 9 0.928e-9

Table 5.2. Results for Example 5.1 for r0  3, with preconditioner

n r ‖ − n‖ r ‖ − n‖ r ‖ − n‖ r ‖ − n‖

16 3 0.144e − 3 5 0.342e − 4 7 0.387e − 3 9 0.546e − 3
26 3 0.025e-2 5 0.763e-4 7 0.315e-4 9 0.543e-5
30 3 0.721e-6 5 0.437e-7 7 0.005e-8 9 0.0348e-9

Figure 1. Behavior of logarithm of error ‖ − n‖ for r0  9 and n  30 in Example 5.1.

Example 5.2. Using trigonometric functions as base functions for various n, r we obtain the
results shown in Tables 5.3 and 5.4, under all the all assumptions of Example 5.1.
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Table 5.3. Results for Example 5.2 for r0  3, without preconditioner

n r ‖ − n‖ r ‖ − n‖ r ‖ − n‖ r ‖ − n‖

16 3 0.254e-3 5 0.243e-4 7 0.132e-4 9 0.521e-5
26 3 0.113e-3 5 0.124e-5 7 0.515e-5 9 0.613e-6
30 3 0.501e-5 5 0.698e-7 7 0.143e-8 9 0.908e-7

Table 5.4. Results for Example 5.2 for r0  3, with preconditioner

n r ‖ − n‖ r ‖ − n‖ r ‖ − n‖ r ‖ − n‖

16 3 0.983e-4 5 0.652e-5 7 0.934e-5 9 0.134e-5
26 3 0.432e-4 5 0.543e-6 7 0.110e-5 9 0.942e-7
30 3 0.104e-5 5 0.112e-7 7 0.874e-9 9 0.128e-7

Figure 2. Behavior of logarithm of error ‖ − n‖ for r0  9 and n  30 in Example 5.2.

Example 5.3. Assume that ax  b1x  b2x  x and k0x, t  logx − t. If r0  3,
x  x then define fx. Using trigonometric functions as base functions for various n, r
we obtain the results shown in Tables 5.5 and 5.6.
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Table 5.5. Results for Example 5.3 for r0  3, without preconditioner

n r ‖ − n‖ r ‖ − n‖ r ‖ − n‖ r ‖ − n‖

16 3 0.451e-3 5 0.641e-4 7 0.732e-4 9 0.421e-4
26 3 0.123e-3 5 0.174e-5 7 0.455e-5 9 0.013e-4
30 3 0.651e-4 5 0.257e-6 7 0.523e-6 9 0.208e-5

Table 5.6. Results for Example 5.3 for r0  3, with preconditioner

n r ‖ − n‖ r ‖ − n‖ r ‖ − n‖ r ‖ − n‖

16 3 0.114e-3 5 0.241e-4 7 0.892e-5 9 0.851e-5
26 3 0.533e-4 5 0.011e-5 7 0.213e-5 9 0.765e-6
30 3 0.953e-5 5 0.997e-7 7 0.123e-6 9 0.127e-6

Figure 3. Behavior of logarithm of error ‖ − n‖ for r0  9 and n  30 in Example 5.3.

Remark 5.1. In the all examples for solving the linear system (20), a preconditioned
conjugate gradient method is used.

The two Examples 5.1 and 5.2 are meant to demonstrate the proposed method. However,
they seem insufficient because they are given with just constant coefficients and the solution is
always a sine. Example 5.3 is a suppliment to these examples and a pointer towards the
theoretical machinery for examples with variable coefficients.
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6. Concluding Remarks

Based on the use of Sigmoidal transformations and the collocation method we have
reported on a simple algorith for solving the GAE. Of course, this method is not formulated
without inspiration from other works in this field. Since the accuracy of the computed solution
is strongly tied to the used base functions, r, n and r0, a thorough further investigation of the
role of these parameters on accuracy is a wortwhile project for any future work on this subject.
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