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Abstract. We consider a set of discrete-time generalized Riccati equations that arise in
quadratic optimal control of discrete-time stochastic systems subjected to both state-dependent
noise and Markovian jumps. The iterative method to compute the maximal and stabilizing
solution for a wide class of discrete-time nonlinear equations was derived by Dragan,
Morozan and Stoica (International Journal of Control 83, (2010), 837-847). Here we modify
this method and illustrate it in the computation of the maximal solution of a system of
discrete-time generalized Riccati equations. Convergence properties of this method are
analyzed. Numerical experiments are reported to estimate the effectiveness of this new
iterative method.

Key words : Set of Discrete-Time Riccati Equations, Jump Systems, Stochastic Systems,
Optimal Control.

AMS Subject Classifications : 15A24, 15A45, 65F35

1. Introduction

In recent years, a special class of linear systems subject to abrupt changes in their
structures have been investigated. This is the case of Markovian jump linear systems (MJLS),
which comprise an important family of models subject to abrupt variations. There are many
examples in the literature showing the importance of the different types of discrete-time
Riccati equations involved in the construction of the optimal controls of different problems of
robust control (see [1, 4, 7, 10] and literature therein). The properties and the numerical
solution of different types of discrete-time Riccati equations have been intensively studied in
many papers (5, 2, 12, 13, 15).

We consider the problem for computing a maximal symmetric solution to the following set
of discrete-time generalized algebraic Riccati equations (DTGARES):
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X(i) = P, X) = 25, A TEQAI) + CT()C()

- (ZLOAu(i)TEi(X)BKi) + L(i))(R(i) + ZLO Bl(i)Tgi(X)Bl(i)>_1
x (L BIOTEOAI() +LHT), i=1,...,N (1)
where £(X) = (£1(X), ..., En(X)) with X = (X(1),...,X(N)) and

N
EiX) = Z pij X(J),  X()isan nxnmtrix, fori =1,...,N.
j=1

In (1), Ao(i), ..., Ar(i),Bo(i),...,B(i),L(i),R(i) = R(i))Tand Q(i) =CT()C(t) (i = 1,...,N)
i) L@
are given real matrices of the appropriated dimensions. Normally the matrix S(())T RE;
i i
is assumed to be positive semidefinite.

The sets of discrete-time generalized Riccati equations are investigated to find the maximal
solution of linear-quadratic optimization problems for discrete-time stochastic systems with
state-dependent noise and Markovian jumps (see Dragan and Morozan [6]). The optimization
problem is described by

r r
X(t+1) = [Aom) + Wi A () ] X(t) + [Bo(nt) + > W) B;(n0) ] u(t),
=1 j=1
and x(0) =xo where x(t) is the state vector and u(t) is the control. Here
w(t)" = (wi(t),wa(t),...,wr(t))wo is a sequence of an r-dimensional random vector on a given
probability space (Q,F,P) with zero mean and covariance E[w(t)w(t)"] = I,,t >0 and
{nty =0 is a homogeneous Markov chain with the state space the finite set D = {1,2,...,N}
and the transition probability matrix P = (pij):\’lJ-:l. In addition, it is assumed that the stochastic

processes {W(t)} w0, {nt} o0 are independent and E[.] being the mathematical expectation. The
objective is to minimize the cost functional

3w = [ EICaXOP + uTORGU®] dt.

In order to minimize the above functional one has to solve the set of discrete time nonlinear
equations (1). Necessary and sufficient conditions for the existence of the maximal solution
and stabilizing solution of this kind of discrete-time nonlinear equations were presented in [8,
9], in terms of the concept of the stabilizability of a sequence of linear and positive operators.

Here we introduce a modification of the proposed iterative method from [9] to find the
maximal solution and stabilizing solution of (1). We are going to prove the convergence
properties to the proposed iteration under new assumptions described in terms of matrix
inequalities. These properties are derived applying some matrix manipulations and facts from
the matrix analysis. Finally, in order to demonstrate the efficiency of the algorithms, two
examples are included.

The notation H" stands for the linear space of symmetric matrices of size n over the field
of real numbers. For any X,Y € H", we write X > Y or X > Y if X—Y is positive definite or
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X =Y is positive semidefinite. The spectrum for any square real n x n matrix A will be denoted
by o(A). A matrix A is said to be d-stable if the all eigenvalues of A lie in the open unit disk,
i.e. |As(A)|< 1 for s = 1,...,n, and almost d-stable if [As(A)|< 1 for s = 1,...,n. The notations
X = (X(1),X(2),...,X(N)) € H" and the inequality Y >2Z mean that for i=1,... N,
X(i) € K" and Y(i) > Z(i), respectively. The linear space H" is a Hilbert space with the
Frobenius inner product < X,Y > = trace(XY).

2. Preliminaries

We begin this section with some notations and useful statements. For the matrix function
P(i, X) we introduce notations

S(,2) = X1 ,AD)TE)BI() + L(D);
R(i,2) = R() + X, Bi()TE(Z)Bi(i);
F(i,2) = -R(i,2)*S(i,2)7, (note that S(i,Z) = —F(i,2)"R(i,2))

T(1,2) Q)+ F(,2)TL()T +L()TF(i,2) + F(i,Z2)TR() F(i,2)

| Qi) LG |
(rrizr ) ( L()™ RG) ) ( F(i,2) )

and we present the set of equations (1) as follows:

X(0) = Y- A TE)AG) + CTH)CA) - S, 2)R(1,2) 1 S(,2)T,
1=0
withi=1,...,N.
Then, for the matrix function P(i, X) we rewrite

r
P(i, X) = D A TEOAIG) + CTHC) - F(i, X) TR, X) F(i, X). (2)
1=0
and we will study the system X(i) = P(i,X) for i =1,...,N. We start by some useful
properties to P(i, X). For briefly we use the notation A(i,Z) = Ai(i) + B(i)F(i,Z) for some
Z e H".

Lemma 2. 1. Assuming Y € H" and Z € ‘H" are symmetric matrices, then the following
properties of P(i,X),i = 1,...,N,
r

Pz(i,Y) = D AL TEMNAG,Z) + T(1,2)

1=0
- (F(,Y)T-F(@i,2)")RAI,Y) (FG,Y) - F(i,2)), 3)

P2(i,2) - Pz(i,Y) = YA, 2)T &(Z - A, 2)

1=0
+(FG,T-F(@i,2)")RAI,Y) (F(I,Y) - F(i,2)),
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hold.
Proof. We write down

PG,Y) = Y ADTEMAIG) + CTH)CAH) - F, Y)TRA, Y) F(i, Y)

1=0

= Z (A1) + Bi()F @, 2))TEY) (A + Bi(i)F(i, 2)) + CT(i)C(i)
1=0

~F@(,Y)TR@G,Y)F(i,Y) - Z A(D)TEY)BI(DF(i,2))
1=0

=D F,2)"BIM)TEMY) A - D F(,2)BI()TE(Y) Bi(DF (i, 2)
1=0 1=0

= > A, 2)TEMAL,Z) - FG,Y)TRA,Y)FG,Y) + TG, 2)
1=0
— F(i,2)TL()T - L() F(i,Z) - F(i,2)"R()F(i, Z)

— Z Ai()TE(Y)BI()F(i, 2)
1=0

- D FG,2TBIMOTEY) A - Y FG(,2)TBID)TE(Y) BI()F(i, 2)).
1=0 1=0
Applying some matrix manipulations we obtain
P(,Y) = ZA|(i,Z)T5i(Y)A|(i,Z) -F@G,Y)TRG,Y)F(,Y) +T(i,2)
1=0
- F(i,Z)T<L(i)T + Z B|(i)T5i(Y)A|(i)>
I=0
- (L(i) + Z A(NTE(Y) Bu(i)> F(@,2)
I=0

- F(i,Z)T<R(i) + B|(i)T8i(Y)>F(i,Z)
=0
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A, 2)TEMNAIG,Z) - FG,Y)TRG,Y)F(@I,Y) + T(i,2)

~F(@i,2)TS@i,Y)T - S(i,Y)F(i,Z) - F(i,2)TR(i, Y) F(i, Z)
= > A, 2)TEMALZ) - FG,Y)TRA, YY) FG,Y) + TG, 2)
1=0

+F(i,Z)TR(, Y)F(i,Y) + F(i,Y)TR(, Y) F(i, 2)
—-F(,2)TR(,Y)F(i,2).
Thus

PG,Y) = Pz(i,Y) = DA, 2)TEMNAIG,Z) + TG, 2)
I=0

- (FG(,Y)T-F(@,2)")R(I,Y) (F(,Y) - F(i,2)).

The last equality expresses the map P(i,Y) through Z, i.e. Pz(i,Y) = P(i,Y). In the special
case of Z = Y we have

Py(i,Y) = D AGY)TEMAGY) +TG,Y). (4)
I=0

Further on, we obtain:
P2(i,2) - Pz(i,Y) = 3 _A(,2)TEZ - VA, 2)
1=0
+(FG,Y)T-F(@{,2)")R(,Y) (F(i,Y) - F(i,2)).
This completes the proof of the lemma. |

3. A New Method and its Properties

In this section, we modify the iterative procedure derived by Dragan, Morozan and Stoica
[9] for computing the maximal solution of a set of nonlinear equations (1). A solution X of (1)
is called maximal if X > X for any solution X. The proposed iteration, (4.7) of [9], is :

XH® = Pyon (i, X*Y)
= Z[Al(i,X(k_l))]Tgi(X(k_l)) [A|(i,X(k‘1>)]
o 5)

+T31,XED) + £1,
where A, XEDYy = A() + Bi()F(I, X* D), k=1,23...,

and ¢ is a small positive number. Note that iteration (5) is a special case of the general iterative
method given in [9], Theorem 3.3. Based on the Gauss-Seidel technique our modification is
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r

XMH® = Y [AGLXED)]

1=0

x (Ex(XWO) + piX([i) kD + Ep(X*L)) (6)
) [Ar(Q, X&) + T(i, X*D)y,

i=12,...,N, k=1,2,3....

where

i-1 N
Ea(Y) =D piY(E), and En(Y) = D piY(). (7)
j=1 j=i+l
The method can be applied under the assumption that the matrix inequalities P(i, Z) > Z(i)
and P(i, Z) < Z(i), (i = 1,...,N) are solvable. Under these conditions it will be shown that
convergence of (6) takes place if the algorithm starts at any suitable initial point X©. The new
iteration (6) can be considered as an accelerated modification to iteration (5). The convergence
result is given by the theorem that follows.

Theorem 3.1. Assume the existence of symmetric matrices X = (X1, ..., Xx) and

XO = (X .. Xy such that (a) P, X) > X(i); (b)X© > X; (¢)P(i, X@) < X(i)©@ for
i = 1,...,N. Then for the matrix sequences {X(1)®}r,,...,{X(N)®}¥,, defined by (6), the
following properties are satisfied:

(i) we have X® > X, X® > X*D gnd

r
PG, XO) = XAH) KD+ A, XWO)TER(XO — XED)A (i, X W), (8)
=0

Proof. Let k = 0. We will prove the inequality X©@ > X, From iteration (6) for k = 1 and for
each i we get:

r

XMHO = DAGX)] (EaXD) + piX()© + £ (X)) o
=0

< [A1(i, XO)] + T(i,X©),

We may then derive an expression for X(i)© — X(i)®™ under the assumption (c) of this
theorem via
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X(i)© — P, XO)
= XM@Y [AGELXO)]T (EXOALX@)] - T(1,XO)
I=0

= M)H© > 0.

Combination with (9) leads to

XHO@ = XH® = DA, XO)T (En(XO = XDNAG,XO) + MD)©.
I=0

Since X(1)©@ —X(1)® > 0, we conclude for i = 1 that X(1)©@ — X(1)® = M1)©® >0, and
for i = 2 that

r
X(2)© = X(@2)® =D A, X)) par(X(D)©@ = X)) A, X©) + M2)© > 0.
1=0
The conclusion is the same fori = 3,...,N.
Now, assume there exists a natural number p and the matrix sequences
X@)W0}G, ..., {X(N)®}§ are computed and property (i) is observed, i.e. fori = 1,...,N and
s=0,..., p—1wehave X(i)® > X(i), X(i)® > X(i)®*V and (8) holds fork = s.
We will show that for i = 1,...,N the following statements are valid.
o X()® > X(i),
o x(i)(p) > X(i)(pﬂ)'

r
o PG, XP) = X(i)®D + ZAI(i,X(p))Tgil(x(p) — XA, (i, XP) .
=0
To prove X(i)® > X(i) fori = 1,...,N, we invoke P(i, X) > X(i) from the transformation

XH® — K@) = D Aii, XOD)T(E(XP) + piX(D) PV + E (X D))
=0

x Aj(i, X®DY 4 T30, XPD) - X(i).
According to (3) we have

P, X) = Pyen(i,X) = DA, XPD)TEOAG,XPD) + T([, XCD)
1=0

~(F(i,X)T = F(i, X®D)TYRG, X) (F(i,X) - F(i, X)),
Then
X(i)® — X(i) - PG, X)

= Y AGXE)T(E(XP = X) + pa(X(D) PP = X(D) + E(XPY - X))
=0

x Ay (i, X®DY) — X(i)
+ (FG,X)T = FG, X TYRG, X) (F(i, X) - F(i, X))
We know that (i, X) - X(i) = 0. Then X(i)® - X(i) = O foralli = 1,...,N.
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Next, we compute the matrices X(i)®*D from (6) and we will prove X(i)® > X(i)®D for
i = 1,...N. From iteration (6) for k = p + 1 we deduce that

X)) = ZAl(i,X(p))T (En(XPD) 4 piX()P + E(XP)) w0
=0

xAi(i, XP) +T(i, XP).

From (3) we obtain
P(i,X(p)) = mefn(i,x(p))

r
= A, XPD)T E XA, XPD) + T(, XOD)
1=0

- (F(, x(p))T _ F(ilx(P—l))T) R(i,X(p)) (F(i,X(p)) - Fq, X(p—l)))'

r
P(i,x(p)) - ZAI(i’X(P—l))T Sil(X(p))A|(i,X(p‘1)) n T(i,x(p_l))
1=0

r
+ ZA,(i, X(p—l))T (PiiX(i)® + Siz(X(p)))A|(i, x(p—l))
=0
_ (F(i,x(p))T _ F(i’x(P—l))T) R, X(p)) (F(i,X(p)) _ F(ilx(p—l))).
Use now the iteration formula for k = p to write

r
DA XED)TEL(XP)A (i, XOD) + T([, XD)
I=0

= X(i)(p) _ ZA|(i,X(p_1))T % (piix(i)(p—l) I 5i2(x(p_1)))A|(i,X(p‘1))_
1=0
We replace the last expression in P(i, XP) to obtain
P>, XP) = X(i)®

=D RGXEI)T (i(XH)PD = X([)P) + Ep(XPY - XP))
I=0

x Ay(i, X®D) = (F(i, X®)T = F(i, X®D)TYR(i, X ) (F(i, XP) — F(i, X®D)),
and
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x(i)(p) — p(i,x(p))

+ 3 AiGXE)T (X PD = X([)P) + Ep(XPY - XP))
=0

s A (i, XPDY 4 (F(i, XP)T = F(i, XPD)TYR(@I, XP) (F(i, XP) - F(i, XP-D))

X(@[H® = ZA|(i,X(p))T EXPYA (i, XP) + T(i, XP)
=0

DA XOD)T Ei(XA) P = XDHP) + E(XPD = XP)) x Aii, XO)
1=0

+H(F @i, XP)T — F(i, XED)TYR(i, XP) (F(i, XP) — F(i, X®D)).
Next, we form the difference X(i)® — X (i) ®*V using (10):
)((i)(P) _ x(i)(p+1)

r
= DAL XP)TER(XP - XPD) Ay (i, XP)
=0

+ZA|(i, XENT (pi(X({H)PD = X([)P) + Ep(XP-D — X))
-0

x A1, XPY) + (F{, XPHT — F(i, XPD)T)R(i, XP) (F(i, XP) — F(i, X PD)).
Fori = 1 we have
x(]_)(p) — X(l)(p+1)

r
- +ZA|(l,x(p—1))T (P12 (X(1)PD — X(1)®) + glz(x(p—l) _ X(P))) % Al(l’x(p—l))
1=0

+(F(1,x(P))T _ F(l’x(P—l))T) R(l,X(p)) ([:(1, X(p)) _ F(l’x(p—l))).

Thus X(1)® = X(1)®* = 0.
Fori = 2 we have

X(Z)(p) — X(Z)(P’rl)

r
- +ZA|(2, XOYT o (X(1)® — X(1)PD) A (2, XP)
=0

r
+ZA|(2’x(p71))T (pzz(x(z)(p—l) - X(2) (p)) + gzz(x(pfl) — X(p))) % AI(Z’X(pfl))
I=0

+(F(2,X(P))T _ F(Z,X(p_l))T) R(21x(p)) (F(2, X(p)) _ F(Z,X(p‘l)))_

Thus X(2)® —X(2)®*D > 0. In similar fashion we prove that X(i)® — X(i)®D >0 for
i=3,...,N.
Moreover, we have to show that
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r
P>, XP) = X(i)PD + ZAI(i,X(p))Tgil(x(p) - X(p+1)),5\|(i,x(p)),
=0
fori=1,...,N.
Clearly

r
PGXP) =D A XP)TEXP) Al XP) + T(i, XP)
1=0
and

.
X(i) P = ZAl(i,X(p))T x En(XPD)
I=0

+piiX(i)(p) + &Z(X(p))A.(i, X(p)) + T(i, X(p)) .
By subtracting the last two equations we arrive at

PG, XP) = X(i)PD + ZLOAI(in(p))Tgil(X(p) — XA (i, X P,
fori=1,...,N. [ |

4. Numerical Experiments

We investigate the numerical behavior of the considered iteration (5) and (6) for finding
the maximal solution to the couple discrete time general Riccati equations (1). We will carry
out some experiments for this purpose.

Our experiments are executed in MATLAB on a 1,7 GHz PENTIUM computer. We denote
tol- a small positive real number denoting the accuracy of computation;

iterations for which the inequality Errory; < tol = 1e — 12 holds. The last inequality is used as
a practical stopping criterion.

We use real coefficient matrices. For solving the above examples the suitable MATLAB
procedures are used.
However, in order to apply the introduced iterations we have to comment how to choose the
initial matrices X(i)©@,i = 1,...,N. The first approach is to follow the result proved by Dragan
et al.[9], Proposition 4.1. One must solve a suitable system of coupled linear matrix
inequalities given by (4.5) of [9] to determine a stabilizing feedback gain (Fo(1),...,Fo(N)).
Next, it is necessary to compute a solution X(i)© of the corresponding LMI (4.6) of [9] and
then we are ready to use the introduced iterations. The second approach to define the initial
point X()©@,i = 1,...,N is to choose X(i)® = al,, where a is an enough big positive number.
Such approach is successfully applied (see for example [11, 13]). In this section we use the
second approach to determine X(i)©@ fori = 1,...,N.

Example 4.1. In these experiments the coefficient matrices and the transition probability
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matrix (pij) are (N = 3,r = 1,n = 2):

0.0l 0.2 0.03 0.15 0.4 0.05
Ao(l) = , Ao(2) = , Ao(3) = :
0.065 0.482 0.68 0.105 0.025 0.202
o0 01 | o0 o1 | 0 o1
A:(1) = , A1(2) = , A1(3) =
0.015 0.082 0.03 0.095 0.53 0.102
0.67 0.17 0.16
and (pjj) = 0.3 0.47 0.23
0.26 0.10 0.64

The pertaining coefficient matrices are

a1y | 010940 0.14894 a1y | 013736 0.07370
° 0.05926 0.03779 |’ ' 0.03670 0.12512 |’

ay2) - | 35784 ~1.3499 a2 | 074 071474
° 2.7694 3.0349 |’ . 0.063055 -0.20497 |’

sy | 0675 071724 a3 - | 048889 0.72680
° 1.2075 1.6302 | 1.0347 -0.30344 |’

and

0.064 -0.2
L(1) = L(3) = 0, L(2)_[ 0 o008 ]

1| 36 -38 1| 10 -3
R R M 100[3 8 ]

1 5 4.5 :
3) = =~ ,  R(1) = diag (0.0126, 0.024),
=10 | 4e a6 (1) = diag ( )

R(2) = diag (0.09, 0.012), R(3) = diag (0.12, 0.105).
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We execute iteration (5) for computing the maximal solution of (1) and obtain the maximal
solution (X1, X2, X3) after 18 iterative steps with an initial point X{¥ = X§¥ = X = 21. The
computed solution (X1, X2, X3) is

s _( 018067 -0.18589
' ~0.18589  0.2689

) with eigenvalues 21 = 0.033736,1, = 0.41584,

>

B 0.13869 —0.036183
’ —0.036183 0.079723

) with eigenvalues 4; = 0.15588,1, = 0.062533,

- ( 0.074639 -0.041357
X3 =

with eigenvalues 4; = 0.017223,1, = 0.10443.
—0.041357 0.047012

The maximal solution X is positive definite. o
In an experiment with iteration (6) we obtain the maximal solution (Xi,X2,X3) after 17
iterative steps with an initial point X{¥ = X = x{ = 21.

Example 4.2. A more general example is considered for N = 3,r=1and n =9, 10, 11, 12,
where the coefficient matrices Ao(i), A1(i), Bo(i), B1(i), L(i), i = 1,2,3 were constructed
using theM ATLAB notations:

Ao(1) = randn(n,n)/5; Ao(2) = randn(n,n)/5; Ay(3) = randn(n,n)/5;
A1(1) = randn(n,n)/5; A1(2) = randn(n,n)/5; A1(3) = randn(n,n)/5;

Bo(1) = randn(n,2)/20; Bo(2) = randn(n,2)/20; Bo(3) = randn(n,?2)/20;
B1(1) = randn(n,2)/20; B1(2) = randn(n,2)/20; B1(3) = randn(n,?2)/20;

L(1) = randn(n,2)/25; L(2) = randn(n,2)/25; L(3) = randn(n,?2)/25.

Q(1) =0.75 xeye(n,n), Q(2) = 0.25 xeye(n,n), Q(3) = 0.05 x eye(n,n).

The matrices R(1),R(2) and R(3) are the same as in Example 4.1.

All iterations are compared after introducing the following parameters
Itm - the biggest number of iteration steps while executing each iteration,
It, - the average number of iteration steps while executing each iteration,
for each iteration, and the results are listed in Table 1.
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Table 1. Comparison between iterations for 100 runs

Method (5) Method (6)  Speed up

NIty | It | Itw | Ita %

9 | 118 | 70.3 | 101 | 59.4 0.84

10| 188 | 93.8 | 165 | 79.0 0.84

11| 348 | 130.0 | 295 | 1076 | 0.83

12 | 1255 | 263.2 | 1031 | 216.9 | 0.82

5. Conclusion

We have illustrated that the maximal solution of (1) can be found in terms of decoupled
formulas by using the proposed algorithm (6). The convergence properties of the proposed new
method are proved in terms of facts from the matrix theory. The new algorithm has the
advantage of requiring much less iterative steps, based on the Gauss-Seidel technique, to
achieve the convergence stopping criterion. Thus it is faster than the original iteration (5). In
addition, a new approach to determine the initial point has been implemented. The paper
contains moreover some randomly chosen examples, where the effectiveness of this new
iterative method is demonstrated.

Acknowledgements
This work was partially supported by the Sofia University "St. KI. Ohridski" research project :
90/2011. The author wishes to thank an anonymous referee for a number of useful comments.

References

[1] O. L.V. Costa, Mean-square stabilizing solutions for discrete time coupled algebraic
Riccati equations, IEEE Transactions on Automatic Control 41, (1996), 593-598.

[2] O.L.V. Costa, and J. C. C. Aya, Temporal difference methods for the maximal solution of
discrete-time coupled algebraic Riccati equations, Journal of Optimization Theory and
Applications 109, (2001), 289-3009.

[3] O. L.V. Costa, and M. D. Fragoso, Stability results for discrete-time linear systems with
Markovian jumping parameters, Journal of Mathematical Analysis and Applications 179,
(1993), 154-178.

[4] O. L.V. Costa, M. D. Fragoso, and R. P. Marques, Discrete-Time Markov Jump Linear
Systems, Springer-Verlag, Berlin, 2005.

[5] O. L.V. Costa, and R. P. Marques, Maximal and stabilizing Hermitian solutions for
discrete-time coupled algebraic Riccati equations, Mathematics of Control, Signals and



70 I. G. IVANOV

Systems 12, (1999), 167-195.

[6] V. Dragan, and T. Morozan, The linear quadratic optimization problem for a class of
discrete-time stochastic linear systems, International Journal of Innovative Computing
Information and Control 4, (2008), 2127-2137.

[7] V. Dragan, and T. Morozan, Discrete-time Riccati type equations and the tracking problem,
ICIC Express Letters 2, (2008), 109-116.

[8] V. Dragan, and T. Morozan, A Class of Discrete Time Generalized Riccati Equations,
Journal of Difference Equations and Applications 16 (4), (2010), 291-320.

[9] V. Dragan, T. Morozan, and A. M. Stoica, Iterative algorithm to compute the maximal and
stabilizing solutions of a general class of discrete-time Riccati-type equations, International
Journal of Control 83(4), (2010), 837-847.

[10] G. Freiling, and A. Hochhaus, Properties of the solutions of rational matrix difference
equations, Computers & Mathematics With Applications 45, (2003), 1137-1154.

[11] Z. Gajic, and I. Borno, Lyapunov iterations for optimal control of jump linear systems at
steady state, IEEE Transaction on Automatic Control 40, (1995), 1971-1975.

[12] Z. Gajic, and R. Losada, Monotonicity of algebraic Lyapunov iterations for optimal
control of jump parameter linear systems, Systems & Control Letters 41, (2000), 175-181.

[13] I. G. lvanov, Stein iterations for the coupled discrete-time Riccati equations, Nonlinear
Analysis Series A: Theory, Methods and Applications 71, (2009), 6244-6253.

[14] M. Rami, and L. Ghaoui, LMI optimization for nonstandard Riccati equations arising in
stochastic control, IEEE Transactions on Automatic Control 41, (1996), 1666-1671.

[15] J. B. do Val, J. C. Geromel, and O. L. V. Costa, Solutions for the linear quadratic control

problem of Markov jump linear systems, Journal Optimization Theory and Applications 103
(2), (1999), 283-311.

Article history: Submitted March, 29, 2011; Accepted June, 22, 2011.



