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Abstract. This paper presents a new numerical approach for solving a class of stochastic
partial differential systems with additive noise on overlapping subdomains. The domain
decomposition method, the deterministic method of lines and the barycentric interpolation
method are combined. In addition to these three methods, the stochastic It6-Taylor family
schemes for solving stochastic advection-diffusion-reaction problems is implemented. The
solution of the stochastic system is then carried out by collecting interior and interface
solutions. Finally, computational results on two dimensional overlapped subdomains with
nonlinear boundaries are simulated.
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1. Motivation

The Domain decomposition methods (DDM) for solving evolutionary partial differential
equations (PDEs) was first introduced by Schwarz [18]. This classical alternating Schwarz
method (ASM) is used to approximate PDEs solutions on an overlapped circle and rectangle.
Where the used scheme solves the problem on the circle with boundary condition taken from
the interior of the rectangle and solves the PDEs on the rectangle with boundary condition
taken from the interior of the circle. The DDM techniques deal in general with solving
subproblems on subdomains instead of solving the initial problem on a computational domain
without decomposition. The solution of these subproblems is qualitatively or quantitatively
simpler than the original problem [19, 20, 21]. In the framework of numerical analysis for
PDEs, the DDM solves a boundary value problem by splitting it into smaller boundary value
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problems on several subdomains. Generally, these problems on the subdomains are
independent, which makes the domain decomposition methods suitable for parallel computing
[3, 13, 14, 15]. These techniques are typically used as preconditioners for Krylov space
iterative methods, such as the conjugate gradient method or Generalized minimal residual
method (GMRES) [24, 25]. Later, Lions in [9, 10] extends the ASM to more suitable
algorithm. He proposed an interesting additive Schwarz method.

In this work, we transform the Schwarz algorithm for solving stochastic partial differential
equations (SPDEs) on overlapping subdomains into an equivalent problem on non-overlapping
subdomains. Where, the concentration on the overlapping region, considered as new function,
is a consequence of chemical and physical transformation of those from the non-overlapped
subdomains. Thereafter, we solve the system of SPDEs with additive noise using a class of
stochastic It6-Taylor (SIT) schemes [2, 4, 8, 7, 16], combined with the deterministic the
method of lines (MOL) [22, 26, 17, 23] and the barycentric interpolation method (BIM) for
approximating the interface solutions [27]. In the present work, similar to the parallel Schwarz
Waveform Relaxation Algorithm presented in [11, 12], we analytically construct a new
numerical approach for approximating the non-overlapping interface of the overlapping region
of the computational domain.

This paper is organized as follows: In Section 2, we introduce overlapping stochastic
problem and the corresponding non-overlapping equivalent one. Thereafter, we suggest an
algorithm for interpolating the interface solution. In Section 3, we construct the It6-Taylor
family schemes for solving the equivalent system of systems. In Section 4, we present the
time-space integration of the problem. While, in Section 5, we accurate our method using
several tests. We perform geometrical and numerical experiments on two dimensional
subdomains with nonlinear boundaries. Finally, comments and some concluding remarks are
presented in Section 6.

2. Modeling of SPDS on Decomposed Subdomain

In the following section, we present a stochastic overlapped and alternating Schwarz
problem. Thereafter, we transform it into a non-overlapping parallel problem. Because of the
reactions and actions of species inside the common region, the solution of the PDEs problem
on the overlapped interface lead to the introduction of a new function. Moreover, we set up
some advantages of the proposed transformation.

2.1. SPDS on overlapping subdomains

Consider a probability space (Q,F,P), where Q denotes the space of outcomes. The
sequence F is a family of right continuous filtrations associated with Q, for all t € [0, T] with
T>0. P is the probability measure on the right continuous F:. Moreover, denote by
H = L2(R% R) the separable real Hilbert space of square integrable real valued functions
defined from R? to R with scalar product and usual norms. For two overlapping subdomains
D; and D; such that D1 N D2 = I'12, we suppose that U® is the time-space stochastic processes
defined as a mapping US : [0,T] x Ds x Q — R, for s = 1,2. Denote by (U, U?) the exact
solution of the following stochastic partial differential system:
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Ul = V. @daul)—a; -vul + 6151 on Dy,

U2 =V-(d1AU2) —a, -VU 216252, on Dy,

D

where, for s = 1,2 the processes 1° are two independent white noises. The parameters ¢ are
two standard correlations, ds are a constant diffusion coefficients and as represent a constant
advection parameters. the time-space processes U° could be interpreted as densities of
interacting species X and Y respectively, see for instance similar works in [1, 22]. In order to
numerically solve the problem (1), other factors should be be taken in consideration. Namely,
the evolution of the species X and Y on the overlapped subdomain I';,. Therefore, we suggest
the following classical chemical reactions:

X = atX+ (1 -oap)X, (2)
Y = (1-oap)Y +at, 3)
atX + (1 - ap)Y — XY, (4)

where for all t € [0, T], a; is chosen as a deterministic or as a random variable with outcomes
in the real interval [0, 1]. The reactions (2) and (3) refer to the molecular decomposition, where
larger molecule splits into smaller parts. The reaction (4) is of types bimolecular reactions. For
instance when two molecules a:X and (1 — a:)Y collide and react with each other. Hence, let us
denotes by U? the density function of the new chemical product XY on the overlapping
subdomain I'y,. It satisfies the following physical and chemical splitting transformation:

( 1 1
U+t — (1-eapUu on Dl\rl,Z’

< U2 - U2 on Dyp\Tqs, )

atU1+(1—at)U2 — U3 on I'12.

Therefore, a new numerical approach is required for solving the SPDS (1) on D together with
(5) on the overlapping subdomain I'1,. For the time-space integration, we use the parallel
domain decomposition algorithm (DDA) and we apply the method of lines (MOL) to transform
the SPDS (1) into a semi-linear system of systems with random entries, see [22, 26]. We solve
these systems locally on D; \ T'12, on D, \ I'12 and we update the solution on the boundary of
the interface I'1 2. For continuity purposes of the solution on all common interfaces I'y and Iy,
see Figure 1, we force a; to be temporal and spatial function.

2.2. Non-overlapping equivalent problem

In this section, we introduce an non-overlapping equivalent problem for solving the
overlapping SPDS (1) together with (5). In fact, to deal with this problem, we have to solve U!
on D; \ T2, U? on D, \ I'1, and solving a new SPDE problem for U? on I';,. Unlike the
alternating deterministic Schwarz algorithm [18, 9, 10], we solve the system (1) using the
parallel Schwarz scheme, by introducing the new function U and taking in consideration the
changes inside the overlapping subdomain. Hence, due to the reactional changes on the
overlapping region, the new reactional equation is given by
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U = V. (f(d1,do)VU3) — g(ag,ap) - VU3 + olnl + 6252, (6)

where the variable a:(w) have outcomes in [0,1], the diffusion coefficient d; = f(d1,d>) is a
function of d; and d», the advection coefficient as = g(ai,az) is a function of the advection a;
and a. Finally, the resulting overlapping equivalent problem has the form:

ul =djaul —avulsoelyl on Dy \Tyy,
UZ = dpAU2 —a,VU2 + 6272 on Dy\Tq5,, @)
U'[3 = d3AU3 - a3VU3 + Glnl + 0'2172 on I'qo.

In order to complete the transformation above to numerically solve the original domain
decomposition problem, we have to approximate the local solutions U, U? and U3® on
o', = 'y U Ty, see Figure 1.

1 1 1

0.5 0.5 0.5

GO 0.5 1 GO 0.5 1 GO 0.5 1

@ Di\T12 (b) D2 \T12 (c) Interface I'1 »
Figure 1: Computational domains.
The interface solution should satisfy the following boundary conditions:

wl3d = u%)’ =

u% on Iy,
W2’3 =ug’:ut2 on Iy,

(8)

where the interface solutions w3 and w?® are approximated using the barycentric
interpolation method (13) presented in the next section. For more details, we also refer to [27].

2.3. Interpolation of the interface solution

In order to construct the interface solutions w, we use the FTCS-BIM scheme, see [5, 6,
27]. For the non-overlapping interfaces I'y and I'q and a given time FTCS discretization of the
problem (8), we define the neighbors grid-points index set N{} as

N:“J = {(i+a,j+b)|la= |b= m;a,b e Z}. (9)
We define, the coefficients set ai-j € Cij <]0,1[ as
Cij = {(%>i+2,j—2' (%xu,yz’ (%>i+1,j—1’ (7ﬁ_>i+1,j+1'
(%)i—z,j—zy (%>i72,j+2’ %ﬁ+>i—l,j—1’ (%>i—1,j+l}.

and satisfies the following convex combination
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2 Aje j- = Z aje jo = 1. (10)
i+ €C;; (i",J7)eN}UNE
where the notation o, f* and B~ stand for
_ _2dAt —_q__a + _ a
a = (Ax)2 , p =1 2d Ax, and p 1+ 24 AX. (11)

For more details about the construction of this method, we refer to [27].
Under appropriate conditions on initial solution U in L2(D), there exist a unique solution
UPP in C([0,T],L2(D)) N L2(0, T;H(D), such that the DDM solution

3
uDD(x 1) = W(x,t)‘ar £ Us(x,t)‘D D (12)
" S:l S S

where U® is the solution of the sub-problem s for s = 1,2,3 and the mapping w(x,t) is the
whole interface solution. This non-overlapping interface solution is recursively computed as
updated function depending on the values of U at (t — At), which is given by

UDD(xi’j,O) for t=0,

W(Xjj) = > ai*’j*UDD(xi*’j*,t—At) for t>0, (13)
(i",J))eN{UN

where
UPP(xij,0) = Us(xij,0).
The initial and Dirichlet boundary conditions are
US(x,0) = U(x,0)|,, for s=1,23.
Us(x,t) =0 for (x,t) € 6D x [0, T].

Consider the deterministic case, where i.e. o' = 62 = 0. In order to solve the equivalent
problem (8) on non-overlapping subdomains, we assume that the following advection and
diffusion coefficients hold for any interface point x;j € I'y or I'q:

(14)

ds = %(dl +dz) and as = %(al +ay).

Thus, we have the following convergence theorem
Theorem 2.1. For x;j € T'y or ['q, if 4d3At < (AX)?, Ax < 2ds/as, then there exists a sequence

(aij)k such that following two step Barycentric scheme:

u(Xjj tnea) = Uliqul = > ai*,j*UDD(Xi*,j*,tn), (15)
(i*,J*)eN{UN?,
approximates u(Xij, ta+1) in the problem (1) and in the system (8) with time-space convergence
order O(At + (AX)?).

For the proof, we refer the reader to [27].
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3. Itdé-Taylor Schemes for SPDEs on Overlapping
Subdomains

In this section, we recall the construction of the It6-Taylor scheme for integrating
stochastic differential systems driven by at most two uncorrelated noises. First, we set up some
classical definitions and notations, for more details see [27]:

The component set is an ordered subset, denoted by FJ. It contains the whole numbers 0, 1 and
2:

FY = {0} UFp = {0} U {1,2} = {0,1,2}.
The multi-index is an (-tuple, denoted by a = (j1,...,ji), where ji e Fdand 1 <i < |.
The length of a multi-index is the number of components of «, denoted by ((a) = (4.
The zeros of a multi—-index is the number of zero components of «, denoted by n(a) = n,.
The multi-index set is the set of all multi-indices with respect to F», represented by
My = Uiy (FD' U4,
where v refers to the empty multi-index with size zero.
The drop operator (-) is defined for a multi-index ¢ = (j1,]j2,...,j1) € M2, such that
-0 = (j2,...,j|) and a-—:= (jl,jz,...,j|_1).

Example 1. The following examples makes clear the definition above:
Fora = (1,0), we have ((a) = 2 and n(a) = 1.

Fora = (1,0,1), we have ((a) = 3and n(a) = 1.

Fora = (1,0,2), we have —a = (0,2) and a —= (1,0).

Ifl((a) =1=1then—a =a—=vandI(-a) =l(a -) =0.

Throughout the following section, all stochastic processes are defined on a probability
space (Q, Ft, P) with right continuous augmented filtration F¢,t € [0, T].

Definition 3. 1. Denote by H, the set of stochastic processes (f)w0, Which are progressively
adapted to the associated filtration {F}w0), right continuous and the left limit exists. We
define the sets Hy, H ), H(1) of essentially bounded, integrable and square integrable processes
as

(i) Hh={{feH:Vt>ty [f(tw)l<oo as.},

(i) Hey = {f eH:Vt>tg j:olf(s,w)|ds < o0 a.s.},
(ii)Hg) = {f eH:Vt>to [ [f(sw)2ds <o a.s.}, forj e FY.
0

where the notation a.s. refers "almost sure’ in the theory of stochastic calculus. Moreover, we
assume that the sets H¢y = Hyj) coincide, for all j € F3. for more details, we refer to [7, 8].

Definition 3. 2. Consider a = (j1,j2,...,J1) a multi-index and an m-dimensional Brownian
motion (W¢) 0. For f € H,), multiple 1t6-integrals are defined per recursion as follows:
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f(t)l |f| = O,
t - -
Ia[f(')]to,t = J.to Ia_[f(')]to,sds, if | > 1 andjl = 01
I () TtsdWY, i1 = 1and i > 1,
0
Here H, is defined per recursion as

Higy = e H 1O, € Hiyh (16)

forjy € Foand | > 2.
Example 2. We illustrate the Definition above in the following examples

ot S
L2 [f( )]t = ), I f(z)dWidw?2.

to

ot t S S1
lazolfOlet = [ Taalf()]osds = [ [ [ f(s2)dwi,dwz,ds.
LA 1)) to Yt ¥ 1o

ot
l200)[f( )]t = t I 120 [f(.)]osdWE.
o
For simplicity, we use the following notations 1,+ = 1,[1]o: and WY = t.

In order to integrate the stochastic partial differential system (1), we first introduce the
It6-Taylor scheme for differential systems of equations. Let (W¢), 77 be an m-dimensional
Brownian motion defined on a (Q,A)?> with right continuous augmented filtration
F = (Ft)wpoT. Consider the following d-dimensional 1t6 process X; := (X{,...,X{), which
satisfies the stochastic differential (17mdriven by at most two noises

dwd, ..., dwi: dxt = al(t, Xpdt+ > bl t, Xpdwl, (17)
j=1
where for all i = 1,...,d, and j = 1,...,m, the drift vector (a})«por and the diffusion matrix

(bt") 101 are Fy adapted and satisfy IZ aids < oo and jg(bis'j)zds <o as.

For any partition 0 =tg < t; < --- <ty = T of the time interval [0, T] with step sizes
Atp = th1 — ty and maximum step-size A = max, Aty, let Y4 be a numerical approximation of
the exact solution Xy, at a time point t,. We have to distinguish between the strong and the
weak convergence of X4, see [7, 8].

Definition 3. 3. We say that the Y, is a strong approximation of order y = 0.5,1,1.5, ... if it
exists Ky 1 > 0 such that

1
EL(YR) = (E%T —xT|p) " <KpTAY with limy L EX(YR) =0, (18)
and we said that Y, is a we approximation of order = 1,2,3, ... if it exists Kg1 > 0 such that
L
EL(YR) = (E%T —xT|p) " <KpTAY with limy L EX(YR) =0, (19)

where g any polynomial function and p is in general one or two. Moreover, we have to note
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that the numerical approximation above are given in L2.

In the following, we set clear the 1t6-Taylor family scheme. We consider a regular function
f : RY - R and suppose that the assumptions of the existence of the numerical solution given
in [7] are satisfied. Thus, the strong 1t6-Taylor scheme of order y = 0.5, 1, 1.5, 2,... is given
by:

Yo = <o
Yoi1 = 2, lelfatn, Yt t., =Yn+ D laffa(tn,Yn)lt, t
aehA, acA \{v}
where the multiple It6-Integrals are given by definition 3.2, and A, is given by
Ay = {a € Mm| l(a) + n(a) = 2y or l(a) = n(a) = ¥ +O.5}. (21)
For the weak approximation, we change the the index set A, by Ag such that

Ap = {a € Mp| l(a) < ,B}. (22)
Thus, the scheme (20) could be written as:
Yo = o

Yni1 = Yn+lgyat Yn)lag, + D I(jl)[bjl(t,Yn)]Atn (23)
jieF?

£ 2 NG Y, 24)
(jl!jZ)EFzm

+ Z |(Jl’o)[L11a(t,Yn)]Atn
(J:,0)eF;x{0}

X Lo Ymlar, + 100y L% YA,

(0,j.)e{0}xF}
+ 2 Gl Yy, (25)
(Jl,]z,]a)EF?n

2 e Y],
j(jl,jz,O)EFéX{O}

i Oni.
’ . . Z I(leoJa)[LJ L bJ (t’Yn)]Atn
(J1,0,J2)eFx{0}xF,

+ _ Z '(o,jz,js)[LOLJ'ZbJ'a(t,Yn)]Atn
(0,j2,js)e{0}yxF?,

D IR R B CE g O (26)
(uj2dsja)eFs

where the Euler Maruyama scheme is represented by (23), the Milstein (or Taylor order one) is

(20)

n+l!
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(23)-(24), Taylor scheme of order 1.5 is represented by (23)-(25) and the Taylor scheme of
order 2.0 is represented by the (23)-(26), for i=1,...,d and j = 1,...,m the differential
operators L forj =0,1,...,mare given by

at ; Z at vl Z Zbuka , 27)

kj-1j-1 axéx

Z b"l (28)
j=1

The 1t6-Taylor schemes (23)-(26) correspond to the following multi-index sets: For y = 0 the
multi-index a has a no-length, therefore the main set is Ago = {Vv}. The set Ao represents the
initial guess of the numerical scheme. If y = 0.5, then the length of the multi-index is at most
one. Hence, we obtain

Aos = Ago U {0} UFH,. (29)

which leads to the Euler-Maruyama scheme. If y = 1, then the index set A1, corresponds to
the first order 1t6-Taylor scheme (called also Milstein scheme)

Ao = Aos UF3 = Ao U {0} UFH UFZ. (30)
If y = 1.5, then index-set A1 s is given by

Ais = A0 U{(0,0)} U ({0} x Fiy) U (Fiy x {0}) U F3. (31)
If y = 2.0 the index-set Az is given by

Azo = A1s U ({0} x Ff) U (F& x {0}) U (Fi x {0} x Ffy) U F. (32)

4. Time-Space Integration of SPDS on Overlapping
Interfaces

Consider a constant time step At of the time interval T = [0, ] T] and constant spatial steps
AX = Xip1 —Xi = Ay = Yju1 -y, for i=1,...,N and j=1,...,M Thus, the FTCS
approximation of the solution of (1) is

dutj = [ 2oud0 + Zp7ul 0+ Lprul g0
+%ﬂ ilj_l(t)+1ﬁ+u%j+1}dt+oinl(t,xi'j,m)dt,
duﬁj(t) ( 2a)u ﬁ_uiz_lJ-(t) + %ﬁ+ui2+l’j(t)

+ ?ﬁ_ui’j_l(t) + %ﬁmﬁjﬂ(t)}dt + o2t xj j o), (33)
where ufj = us(Xij,t) = us((xi,yj),t) represents the numerical approximation of the exact
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solution u® at the space-time point ((xi,y;j),t) € D x T. The coefficients a, f* and - are given
as

a _ _2d -_q1__a T -
AT 02 5} 1 2dAx, and g 1+ 2dAx. (34)

The system (33) can be transformed into a multidimensional stochastic differential system of
the form, see similar works [22],

dul® =kl ul)dt+clmyawlw), on Dy,
(35)
du2(t) = K2(t,U2(t)dt+ G2(t)dw2(t), on Do,

where the white noise stochastic processes n°(t, X, «) are supposed to be uncorrelated in time
and in space forall s = 1, 2, it yields

dns(t, X, 0) = dWs(t, x, ) if X E.Ds c D,
0 Otherwise,

Moreover, the white noise processes dWs is Hilbert-space valued random variable satisfying:
dWs(t, x, ) dWs(t,y,-) = 2f(x —y)dt,

where s = 1,2, x,y € Ds and f is a smooth function. It should be stressed that, in the general
case, it is not required that the noises n° to be independent and identically distributed.
Furthermore, the white noise or Brownian motion can be considered as a truncated
approximation of infinite dimensional Wiener process [4].

Our main interest is solving the system (35) numerically by taking in consideration the
overlapping interface I'1,. Therefore, we define the evolution of U and U2 as combined
solution U3, as suggested by the reactions (4). This resulting solution could be interpreted as
the outcome of chemical or biological reactions. Thus, we assume that there exist a; € [0,1]
such that

U = atUl + (1 —a)UE on Tip. (36)
Hence, the stochastic system could be written as
duly = kit ul@dt+clwawl on D3\Tq,,
dul(t) = K2(t ul(t)dt+ G2(t)dw2(t) on Dy\Tq, (37)

dud®) = K3 ud)dt+GLmawl () + G2Mdw2(t) on Ty,

where K', G' and W' for i = 1,2, 3 are matrix resulting from a discretizating system using the
deterministic method of lines, see for more details [22, 27]. Furthermore, the system (37)
should be solved for u on (D1 \ T'12), u? on (D, \ T'1>) and for u® on I'1, considering the
combination (36). However, the solution on the non overlapping interface ol'1» = I'q U Ty,
satisfies, the following continuity condition
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ul =u3 for (x eTygxT,
(38)

uZ2 =u3 for X,t) eTT'uxT,

where the interface (38) will be interpolated using the Barycentric interpolation method given
by (13). It is important to note that integrating the iterated stochastic integrals I,, for a
multi-index a does not need any approximation on D; \ T'12 and D, \ "1 since the random
excitation desponds on one noise only, see the explicit construction in [27]. While in on the
common overlapped interface the double stochastic integral 1, ,), for ji # jo» needs to be
approximated using classical methods, see for instance [26].

5. Numerical Experiments

The main goal of our numerical tests, is analyzing the numerical behavior of the solution
on domains with an overlapped interface. We simulate the SPDS (1) together with (5) on D
showed in Figure 2. We restrict ourself to the problem in dimension two and for the error
measurement, we use the L? grid norm:

Ny Ny 1/2
lu—uPP, = AX(ZZlUi,j —u!?jD|2> . (39)

i=1 j=1
First, we consider the following cut functions:
fq(x) = —0.505 — 0.15e 1505 and f,(x) = 0.5 + 0.15e15(05)? (40)

Thus, the computational subdomains are then given by:

(i) D= {x=(xy) € Cxq,N| (x—1/2)2 + (y - 1/2)% < 1/4} = D(xq, ).

(ii) Dy = {x=(xy) € D(xg,N|x < fu(x)}.

(iii) Dy = {x = (x,y) € D(xg,nN|fq(x) < x}.

(iv) 12 = {x=(Yy) € D(Xg,NIfg(x) < x < fu(x)},

where C(Xo,r) is the circle with center xo = (1/2,1/2) and radius r = 1/2 and D(Xo,r) is the
corresponding Disc. The non-overlapping interfaces are given in the following set notation

(i) Tu == <{x=xy) eTyo|y="fuX}.
(iv) Tq == {x=(xy) e [12|y=fg(®)

1 r

05fez

rN
0.5 0.5 0.5 -0
rﬂ'

% 05 1 % 05 1 % 05 1 % 05 1

(@) Domain D (b) Subdomain D, (c) Subdomain D dTI'i2 =DiNDy
Figure 2: Computational subdomains.
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where the boundary of the interface is given by oI'12 = I'q U Ty

We simulate our result on the following computational domains under different initial
solutions and different choice of the advection and diffusion coefficients, we solve the
non-overlapping advection diffusion system (1), which is equivalent to the original problem

(1):

(Ul —daul+avul for (xt) e Dy xT,
U =dAUZ +avu2 for (xt) € Dy xT,

< UP =daud+avud for (x,)elypxT, (41)
ul —us for (x,t) e TyxT,
L u2 =us for (x,t) € TuxT.

For all our simulation, we adjust the time-space stability condition using the Courant

2
Friedrichs Lewy condition At = 0.95(At)cr, Where (At)cpL = (ﬁg .

5.1. TEST 1: Decoupling vs coupling of local solutions

In this test, we perform a geometrical accuracy test. We solve the problem (42) using the
coefficients dy = 0.25 and ax = 0.2, for k = 1,2,3. We examine the decoupling behavior of
the three solutions by solving U on D1 \ T'12, U? on D, \ T'12, and U® on I'y »:

ul =djaul +a;vul for (x,t) e Dy xT,
(P1): < U? =dyAU2+a,VU2 for (x,t) e DyxT, (42)
Uf =dgaud +agvud for (xt) eTyoxT.
We compare the geometrical behavior of the non-interpolated interface solution (ie w = 0)

ul —ud=0 for (xt) elgxT,

(43)
U2 =u3=0 for (x,t) e TuxT,
with the interpolated one (w + 0)
ul —u3-wl3 for X,t) e Iy xT, (44)
U2 =u3 =w23 for X,t) e 'uxT.
The initial solutions are the following normal-like concentrations:
— - N
1 _ o1 (x—0.5)% + (y - 0.2)? Di\ T
U-(x,0) = exp ] 0.15 210 | on D \TI'q9,
- ~ ) ~ ) -
U2(x,0) = exp | —0.15 X 0'5)2 1+09( 057 | on Dy Typ (45)
3 _ __ (x—0.5)2+(y—0.8)2 |
U°(x,0) = exp 0.15 5104 on I'po.

- - S
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The Dirichlet boundary conditions for the three solutions are:

Ulxt) =0 forall (xt) e Dy \Ty5)x[0,T],

(Pp) 1 U%(xt) =0 forall (x,t)ed(Dy\T1p)x[0T], » (46)

US(x,t) =0 forall (xt) € a(T'y ) x[0,T].

In the first row of Figure 3, we present the decoupled solutions U?, U? and U? defined by (42).
We show the solutions at different time steps, namely at t = 0, t = 100At, t = 200At and
t = 500At. The plotted contours are fully separated since the inside interface is a zero-flux
boundary. This confirms on the one hand the control of the interface and on the other hand the
possibility to simulate different problems on the non-overlapping subdomains Dj \ I'12,
D, \T'12 and I'1 2, respectively. In the second row of Figure 3, we show the solution of the
problem (42) by interpolating the interface solution (44) using the BIM algorithm.

et=0 (f) t = 100At (g) t = 200 At (h) t = 500 At
Figure 3: Decoupling vs coupling of local solutionson D; \ I'12, D> \T'12 and on I'y5.

5.2. TEST 2: Interface smoothing

The main goal of this test is to observe the behavior of the interface solution and the
solutions on the neighborhood the inside interfaces. In this experiment, we solve the problem
(42) by interpolating the interface solution. We approximate U on D; \ "1, U? on D, \ Ty,
and U3 on I'y, such that U® := U + U2 The initial solution is generated using a uniform
random variable with values in (0,1074).
For different diffusion and advection coefficients d; = 0.25, a; = 0.2, d, = 0.2, a, = 0.25
and d; = (d1 +d2)/2, az = (a1 + a2)/2, we present in Figure 4 the evolution of the initial
solution at three time steps t = At, t = 10At and at t = 100At. In Figure 5, we show the cross
section at x = 0.5 for the same solutions above. The expected result is getting a smooth surface
of the two dimensional function, which is the case. For equal coefficients, we refer to the first



68 M. ZAHRI

case. The second row of Figure 4 shows a perfect coupling of the solutions. These solution are
geometrically smooth enough to be at least two times continuous and differentiable. Moreover,
it should be stressed that even the starting initial solution is fully irregular and the steady-state
solution is a differentiable surface. Moreover, we pay attention of the reader that the
geometrical asymptotic behavior of the limit solution is in general independent from the choice

of the initial solutions.

il

4
' u i {il i
" 1|if :iji’“ 1 ll

ﬂ- Al J '" ' da H i los

0
1

—_

(@t=0 (b)yt=1at

0 o0

(c)t =10 At (d)t = 100 At
Figure 4: Interface smoothing solutions Uton Dj \ T2, U?D> \ Tz, and U3on TIpp.

5.3. TEST 3: Convergence accuracy
In this test, we numerically accurate the combined method FTCS-BIM for solving

evolutionary IBV problems. We compute the computational convergence rate CCO by solving
UlonD; \T1,, U?0nD; \ T2 and U® = (U +U?)/20onT,:

ul =djaul +a;vul for (xt) e Dy xT,
(P3): < UZ =dyAU2+a,VU2 for (x,t) € Dy xT, (47)
U =dgaud +agvud for (xt) eTypxT.
We compare the solution of (47) by interpolating the interface solution with the solution of
Ui =d,AU+a,VU for (x,t) e DxT, (48)
where UX is the projection of U on X for k = 1,2,3 and X represents the subdomains D; \ I'1 5,
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Dy \T12,and I'12. We set

dpAr,, =d1; dp,r,, =d2: dp,, = (d1 +dp)/2,

and

apAr,, =d1: ap,r,, =22 ar \gr,, = (@1 +a/2,

—1t=0
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o
Co

DD
t
o
o
DD
t

e
i

Solution u
Solution u
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Y
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—t=10At
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(o)

DD
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o
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Solution u
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(c)t =10 At

o
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e o B©
2 » =

o
o

Figure 5: Cross section solutions at x = 0.5.

Under the Dirichlet boundary conditions and the following initial solution

U(x,0) = exp(=30((x — 0.5)2 + (y — 0.5)2)).
we distinguish two cases:

A : Using equal coefficients: d; = d, = 0.25anda; = a; = 0.2,
B : Using different coefficients d; = 0.25,a; = 0.2and d, = 0.2, a, = 0.25.

We assume moreover the following interface equality
vl =ud |, and UZ |, =U3|,.

The interface solution on oI'1» is defined by

wl3(x,t) .= Ul t) = US(x,t) on (x.t) € Tux[0,T],

w23(x,1) = U2(x,t) = US(x,t) on (x,t) € Tgx[0,T].

(49)
(50)
0.2 0.4 0.6 0.8 1
(b)t=1Aat
x10"°
0.2 0.4 0.6 0.8 1
(d)t = 100 At
(51)
(52)
(53)
(54)
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As can be remarked in Table 1, the method FTCS-BIM assure the second order in space.
The first order CCO is guaranteed, since the used temporal step is chosen using the CFL
stability condition: At = 0.95(At)crL, where (At)crL = (AX)2/4max(dy, a).

Table 1 : Spatial L2-errors for the cases A & B.

Nx case A cCO case B cco
L2-error L2-error

25 | 2.085266E-3 - 3.072218E-3 -

50 | 1.977757E-4 - 5.322484E-4 -

100 | 2.970599E-5 3.0666 | 1.243835E-4 2.3132
200 | 4.084231E-6 2.7988 | 3.014155E-5 2.0711
400 | 7.294578E-7 2.6738 | 7.511688E-6 2.0247

5.4. TEST 4: Solving overlapping SPDEs
In this test we solve the stochastic partial differential system

u% = dlAul—a1Vu1+oln1 on Dy \T'q9,
(Pyg) : utz = dzAU2 - aZVu2 + 62112 on Dy \T'q9, (55)
Ut3 = d3AU3 - 3.3VU3 + 011]1 + 621]2 on F1,2'

We numerically approximate the solution of the system (6) using the first order Milstein
scheme. We generate a initial solution using a uniform distributed random variable. Thereafter,
we approximate the numerical solutions u® |, ., u? [, ., and (et + (1 -au?) |, ,
for ar ~ UR(0,1). Similarly to the third test, we distinguish two cases:

A : Using equal coefficients: d; = d, = 0.25anda; = a; = 0.2.

B : Using different coefficients d; = 0.25,a; = 0.2and d; = 0.2, a; = 0.25.

We assume moreover the following interface equality and set

dpr,, =d1; dp,\r,, =d2; dr,, = (dg +d)/2, (56)
and
aDl\Fl,Z - dl; aDZ\Fl,Z - az; arlyz\al—‘lyz = (al + az)/z’ (57)

In Figure 6, we present in the first row the evolution of the solution at three time steps od
the case A: At t = 100At, t = 200At and t = 5000At. In the second row, we show the solution
of the case B. Figure 7 shows a comparison overview of the initial and the Mean solution of an
M = 500 realizations at time t = 5000At.
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(d) B, t = 100At (e) B, t = 200At (f) B, t = 5000 At
Figure 6: SPDEs solutions using equal and different advection-diffusion coefficients.

(@B, t=0 (b) B, t = 5000 At, M = 500
Figure 7: Comparison of the initial and mean solution at t = 5000 At of M = 500 realizations.
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6. Concluding Remarks

We have developed a new numerical technique for solving stochastic partial differential
systems on overlapping subdomains. We transformed the original problem into an equivalent
system on non-overlapping subdomains. In addition, we numerically examined this
computational approach on overlapped subdomains with nonlinear (curved) boundaries. To
accurate our scheme, we experimented with various geometrical tests using the combination of
deterministic and stochastic numerical techniques. Namely the domain decomposition method,
the method of lines and the barycentric interpolation method. The stochastic partial differential
equations are solved using the first order It6-Taylor scheme or also the Milstein scheme.
Numerically, this method could be easily extended to real applications using higher-order or
more suitable schemes such as Crank Nicolson, Relaxation, finite volume, finite elements and
meshless. Finally, real-life applications are our future studies especially the treatment of
problems in medicine or oceanographic pollution problems.
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